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Abstract

This paper derives novel nonparametric identification results for auction models with in-
complete bid data and finite unobserved heterogeneity (UH). By exploiting the Markov prop-
erty of order statistics, I show that the joint distribution of bidders” valuations and the UH is
point identified from an incomplete set of bids. The result holds if the econometrician either
observes (any) five order statistics of the bids in each auction or only three along with an instru-
ment, and without imposing any functional form restriction on how the UH affects valuations.
I establish these results under weak distributional assumptions: for second price auctions, the
result holds generically over the space of possible distributions of valuations and UH, and for
first price auctions, it holds when the conditional distribution of valuations varies monotoni-
cally with the UH in the reverse hazard rate order. Additionally, I show that identification can
be extended to settings where the number of potential bidders is unobserved, as is often the

case in online auctions.
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1 Introduction

This paper studies the identification of the distribution of bidders” valuation in settings where
the econometrician only observes an incomplete set of bids from each auction, and where unob-
served heterogeneity (UH) is present. Here, the UH represents valuation relevant characteristics
of the auctioned object that are commonly observed by the bidders but that are unobserved by
the econometrician. In general, identification of the distribution of bidders” valuations in auction
models is important as it allows the researcher to determine (among other things) bidders” surplus,
sellers’ profits and to do counterfactual analysis under alternative auction mechanisms. Failing to
account for UH in the econometric analysis, when it is present, can lead to incorrect inference of
the structural parameters and to erroneous policy recommendation (see Krasnokutskaya (2011)).
The papers in the literature that address the problem of UH in auction data, with the exception of a
few, are mainly concerned with settings where the econometrician observes the bids of all auction
participants in the data set. Moreover, the methods that they propose do not extend to settings
where only a subset of the order statistics of the bids are observed, a case that is relevant for many
empirical applications. Incomplete bid data arises naturally for instance in ascending auctions,
where the winner’s bid (exit price) is usually not observedﬂ

Most papers in the literature that study identification of auction models with incomplete bid
data and unobserved heterogeneity (Roberts (2013) and Freyberger and Larsen (2020)) all rely on
the availability of some auxiliary data: such as public reserve prices, secret reserve prices or in-
struments more generally. Moreover, to achieve identification, these papers either make strong
assumptions on how the auxiliary variable is related to the UH (as in Roberts (2013)) or they rely
on the assumption that the UH affects valuations (hence bids) and the auxiliary variable in an
additively separable way (as in Freyberger and Larsen (2020)). From these papers, it is not clear
whether identification is possible without relying on the availability of auxiliary variables— which
are sometimes not easy to obtain in empirical applications— or without making strong functional
form assumptions on how the UH relates to the observed variables—which may lead to severely
biased estimates of the parameters of interest if the model is misspecified.

In an environment where bidders’ valuations for the auctioned object are private, independent
and symmetric (drawn from the same distribution) given the realization of a discrete UH, I pro-
vide in this paper some novel identification results for both first and second price auctions. The
first identification result shows that the joint distribution of bidders’ valuations and UH is point
identified if the econometrician has access to at least (any) five order statistics of the bids from

each auction in the data set. The result holds without making any functional form assumption

IRecall that in the stylized push-button model of the English auction (see Milgrom and Weber (1982)), prices rise
continuously (or in small increments) from a low value and each bidder chooses when to irreversibly exit the auction by
releasing a pressed button. The auction ends when only one bidder remains and she obtains the object at a price equal

to the exit price of her last competitor. See Roberts (2013) for an empirical example that uses such auctions.
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on how the UH affects the distribution of valuations. In fact, the conditional distribution of val-
uations given the UH is allowed to vary in an unrestricted way (as in Hu, McAdams, and Shum
(2013)); all that is required is that a “full rank” condition on the distribution of the observed order
statistic of the bids is satisfied. In addition, I show that the required rank condition is “generic”
(hence mild) in the context of second price auctions (SPA). This identification result is the first in
the auction literature to show that identification of the distribution of valuations is possible in an
auction environment with incomplete bid data and UH without relying on the availability of some
auxiliary variable ﬂ It thus answers in part an identification question raised in section 3.2 of Athey
and Haile (2002), concerning the possibility of identification in auction models with UH from only
a strict subset of the order statistics of the bids.

The second identification result in this paper shows that identification (in the same setting)
is possible with only three order statistics of the bids if the econometrician also observes an in-
strument. Unlike Roberts (2013) and Freyberger and Larsen (2020), I allow the UH to change the
distribution of the instrument in an unrestricted way; all that is required —in analogy to the usual
relevance condition on the instrument in the linear IV model— is that the set of conditional distri-
butions of the instrument given different values of the UH satisfy a full rank condition. As in the
first identification result, I also require the distributions of the observed order statistics of the bids
to satisfy a full rank condition. In the context of SPA, I show again that the required full rank con-
dition on the distribution of order statistics of the observed bids holds generically. In the context
of first price auctions (FPA), I provide a simple and easily interpretable monotonicity condition on
the distribution of bidders’ valuation given different values of the unobserved heterogeneity, that
implies the desired full rank condition on the distribution of the observed order statistics of the
bids. The result thus shows that when the econometrician has access to an instrument, identifica-
tion is possible without relying on the strong functional form assumptions used in Roberts (2013)
and Freyberger and Larsen (2020). However, for my identification result to hold, I require that
the econometrician has access to at least three order statistics of the bids (contrast to the result of
Roberts (2013) that only requires one order statistic of the bids, and to the result of Freyberger and
Larsen (2020) that require only two order statistics).

In the context of SPA, I extend my identification results to settings with UH and an unobserved
number of potential bidders. The latter setting is particularly relevant to online auctions where
not all potential bidders place bids, and where substituting the number of actual bidders (those
that place bids) for the number of potential bidder may lead to incorrect inference of the bidders’
valuations when the two differ. In the latter setting (which is the one considered in Freyberger and

Larsen (2020)), I show that identification is again possible under similar mild rank conditions on

2Subsequent to the writing of this paper, Luo and Xiao (2021) have established a similar identification result. In par-
ticular, they show that identification of the joint distribution of valuations and UH is possible if at least three consecutive

order statistics of the bids are observed.



the distribution of the observed order statistics of the bids.

The main observation that I use throughout the paper to establish these new identification re-
sults is the fact that order statistics satisfy the “Markov property”. Loosely speaking the Markov
property of order statistics states that, conditional on any intermediate order statistics, any two
non-consecutive order statistics (from i.i.d draws from a continuous distribution) are independent.
This property allows me to conclude that nonconsecutive order statistics of the bids are indepen-
dent once I condition on the UH and on any intermediate order statistic of the bids. This is partic-
ularly useful as it allows me to represent the distribution of the observed order statistics of the bids
in a form that allows me to exploit the results and proof techniques from the mixture literature.
This paper is the first one in the auction literature (to my knowledge) that uses the Markov prop-
erty of order statistics for identification. The paper contributes to the mixture literature as well, by
establishing identification for a mixture model in a setting where the distribution of the observed

variables are correlated within mixture components.

1.1 Literature review

There is an extensive literature that studies auction models in the presence of unobserved het-
erogeneity. These papers include, among others, Krasnokutskaya (2011), Li, Perrigne, and Vuong
(2000), Athey and Haile (2002), Hu, McAdams, and Shum (2013), Roberts (2013), Armstrong (2013),
Aradillas-Lopez, Gandhi, and Quint (2013), Luo and Xiao (2021) and Freyberger and Larsen (2020).
Models with UH provide a good alternative way to model auction data where the observed bids
are correlated even after controlling for observable covariates that plausibly affect bidders’ valua-
tions. Athey and Haile (2002) (for SPA), Li, Perrigne, and Vuong (2000) (for FPA) and Krasnokut-
skaya (2011) (for FPA) are among some of the earlier papers to study the nonparametric identifi-
cation of auction models in the presence of UH. In all these papers, the UH (which is assumed to
be a continuous random variable) is assumed to either have a multiplicative or an additive effect
on bidders’ valuations, and the identification arguments rely on results from the (classical) mea-
surement error literature, and require observation of (at least) two bidders across an i.i.d sample
of auctions. Hu, McAdams, and Shum (2013) relaxes the assumptions in Krasnokutskaya (2011)
by allowing the distribution of valuations to depend on the unobserved heterogeneity in an un-
restricted way. All that is required is for the conditional distribution of valuations to be strictly
monotone (in a first order stochastic sense) in the UH. However, in contrast to the approach of
Krasnokutskaya (2011), to establish identification the econometrician now needs to observe bids
from (at least) the same three bidders across an i.i.d sample of auctions.

The identification arguments in Athey and Haile (2002), Krasnokutskaya (2011) and Hu, McAdams,

and Shum (2013) are not applicable to settings with incomplete bid data, where the econometrician



only observes a subset of the order statistics of the bids across an i.i.d sample of auctions. That is
the scenario with which the present paper is concerned. Moreover, Athey and Haile (2002) show
that for FPA and SPA with private values where bidders” valuations are allowed to be correlated
in an unrestricted way, the joint distribution of bidders’ valuations is not identified from any strict
subset of the order statistics of the bids (even if ones assumes that the joint distribution of valuation
is symmetric). I show below that if the correlation of bidders” valuations arises through a model
of conditionally independent private values (CIPV) with finite UH, then the joint distribution of
bidders” valuations and the UH can be identified from some strict subset of order statistics of the
bids. Like Hu, McAdams, and Shum (2013), I do not make any functional-form assumption on

how the UH determines valuations.

Other papers in the auction literature that study auction models with UH and incomplete bid
data include (among others) Roberts (2013), Aradillas-Lopez, Gandhi, and Quint (2013), Arm-
strong (2013), Freyberger and Larsen (2020) and Luo and Xiao (2021). In a private value setting
with continuous UH, Roberts (2013) establishes the identification of the conditional distribution
of valuations given the UH from the joint distribution of any order statistics of the bids and the
reserve price. Although Roberts (2013) allows the UH to affect the distribution of valuations in an
unrestricted way, the reserve price is required to be a strictly monotonic function of the UH for his
identification argument. In the present paper, when an instrument is used to obtain identification,
I allow it to be related to the UH in a much weaker way (which will be made clear below); the
instrument is allowed (in particular) to be a non-degenerate random variable after conditioning
on the UH (and all observable covariates), which makes it applicable to settings where the sellers
may have some private information about the object being auctioned that they use to set reserve
prices (see the discussion following Remark [3.4). Freyberger and Larsen (2020) establish the iden-
tification of the joint distribution of bidders’ valuations and the UH, in a setting with incomplete
bid data where the number of potential bidders is also unobserved. Since their results rely on clas-
sical measurement error arguments, they assume that the UH affect the distribution of bidders’
valuations and the instrument (the secret reserve price) in an additively separable way. The results
of the present paper do not rely on such strong functional-form restrictions. Armstrong (2013)
and Aradillas-Lopez, Gandhi, and Quint (2013) establish partial identification results (for FP and
ascending auctions respectively) in a CIPV setting with UH (which they both allow to be of un-
restricted dimension) from the distribution of the highest bid. Their partial identification results
concern, however, lower dimensional parameters like seller’s profit and bidder’s surplus, whereas
the present paper is concerned with a much deeper structural parameter: the distribution of bid-
ders’ valuations. Subsequent to the writing of this paper, Luo and Xiao (2021) have shown that the
identification results of this paper can be strengthened if the observed order statistics of the bids

are required in addition to be consecutive. In particular, they show that the joint distribution of



valuations and UH is identified from either 3 consecutive order statistics of the bids, or two consec-
utive order statistics of the bids and an instrument.

The present paper is also related to the literature on the nonparametric identification of mix-
tures models. Related papers from that literature include (among others) Hall and Zhou (2003),
Elizabeth, Matias, and Rhodes (2009)), Bonhomme, Jochmans, and Robin (2014)), Bonhomme, Jochmans,
and Robin (2016), Kasahara and Shimotsu (2014) and Kasahara and Shimotsu (2009). The setup in
these papers is one where the econometrician observes an i.i.d sample of d covariates that are con-
ditionally independent given the realizations of some finite UH, and the goal is to recover the joint
distribution of the covariates and the UH. it is shown in the finite mixture literature (see above
cited papers) that identification obtains if there are at least three covariates (d > 3) and a full-rank
condition is satisfied. In the setting of the present paper the distribution of the observed bids is a
finite mixture. However, the results from the mixture literature are not directly applicable, as order
statistics of the bids are necessarily correlated, even after conditioning on the UH. I overcome this

correlation by exploiting the Markov property of order statistics.

The rest of the paper is organized as follows. Section 2| introduces the model and discusses
some of the assumptions that are needed for the identification results, and Section ]3| states all the
identification results. All the proofs omitted from the main text, as well as a subsection on the

mathematical notation used throughout the paper, are provided in the appendix.

2 Model

I now describe the model that is used throughout most of the paper. In each auction ¢, a single
and indivisible object is auctioned to I; > 2 risk neutral bidders indexed by i. At each auction ¢,
bidders learn their private values Vi; ~ Fy, which can depend on a set of auction level covariates
(X;, Uy), but not on the random variable I;. Here X; € RY (X; is allowed to have continuous or
discrete components) and U; is discrete with finite support Z/Iﬂ It is assumed that both X; and U;
are observed by the bidders, but that the econometrician only observes X;. The covariates X; and
U; can respectively be thought of as observed and unobserved (to the analyst) characteristics of
the auctioned object that affect bidders” valuations. I will refer to the variable U; as the auction
level unobserved heterogeneity (UH). Before stating the assumptions of the model, I provide an

illustrative example.

Example 2.1. Consider an auction for used cars where all the auction participants are allowed to

3Some of the identification results in this paper (theoremsand 3.10) can be extended to a setting with continuous
UH, by replacing the full rank conditions in assumptions[3.3|and 8.2l with completeness conditions on the corresponding
operators (see Hu and Schennach (2008)). It is not clear however whether results similar to those in sections and

can be established in the setting with continuous UH.



inspect the cars prior to placing their bids. There are many characteristics of the cars being auc-
tioned (and of the auction itself) that may reasonably be assumed to be commonly observed by the
bidders and to affect their valuations. These car attributes include among others the car’s make,
model, mileage, and transmission type. The subset of these characteristics that the econometrician
observes will constitute the vector X;, and U; will denote the remaining subset of characteristics
that the econometrician does not observe (which I assume are all discrete variables). It can be the
case for instance that the econometrician observes all the relevant car attributes to the exception
of the condition of the car’s body, which is modelled as a categorical variable with three values:
U; € U := {good, fair,bad}.

The main informational assumption that I maintain throughout the paper is that the bidders’
valuations are independent and symmetric conditional on (X, U;). For notational simplicity, I will
omit X; onwards; all arguments and results can thus be understood as being made conditional on

the observed covariates X;. Formally, we have:

Assumption 2.2. (Conditional IPV) The joint distribution of bidders” valuations Fy in an auction

with Iy bidders satisfies

Ip
Fy(vi,--- o) = Y, P(U=u) [ [Fyju(oi|U = u), 21)
ueld i=1

where Fy|; denotes the marginal distribution of private values given U, which I assume to
have a closed interval [c,, d,,] for supporﬂ with d,, > ¢, and a continuous density fV‘u:u which is

strictly positive at every point in (cy, d,).
Assumption 2.3. (Exogenous entry) I; L (Vj, Ut)E]

I will assume throughout that there is no reserve price (or a non-binding one) and that the

observed bids are the equilibrium bids of the auction format under consideration, and satisfy:
Bit = ,B(Uit/ Ut, It)/ (22)

for some strictly increasing and continuously differentiable (in its first argument) function . In the
case of SPA, I will assume that players play their weakly-dominant strategy that consists in bidding
their valuations (B(vj, ut, It) = vj). Note that for second price auctions, the model described

above is observationally equivalent to a model where bidders do not observe the variable U (see

4The lower bounds c, are assumed to be non-negative, and I allow the upper and lower bounds to vary with different

values of the unobserved heterogeneity.
5 It will be clear from the proof of the identification results presented below (with the exception of those in Section

that this assumption is not necessary for identification, and all the arguments in the proof of identification will still
hold if they are made conditional on auctions of a fixed size Iy. The main importance of this assumption is that it allows

one to pool auctions of different sizes for estimation.



Li, Perrigne, and Vuong (2000)); In both models the bids are equal to bidders” valuations, and
whether or not the variable U is observed by the bidders is irrelevant for their bids. Therefore, in
the case of a SPA, our identification results presented below extend to settings where the variable U
is also unobserved by the biddersﬁ The direct extension of our identification results to the setting
where the variable U is also unobserved by the bidders will, however, not be possible for other
auction formats (FPA for instance) where whether or not U is observed has behavioral implication
for the bidders. When I consider FPA, I will assume that for each value of U, the bidders play the
unique symmetric, increasing and differentiable Bayesian Nash equilibrium strategy, which exists
under the assumptions made on Fy in (see Athey and Haile (2002)).

As mentioned in the introduction, I will consider a scenario where only a subset of the order
statistics of the bids is observed by the econometrician. With that end in mind, I will denote by Bt(i)
(i=1,---,1I) the i largest order statistic in auction ¢ (which has I; bidders); we have for instance
B = max{Bi, By,---, B} and B = min{By,By,---,By}. Leti; < ip < --- < i, denote the
indices of the observed order statistics of the bids, where it is assumed that » < I; for each auction
t.

Example 2.4. Ascending auctions constitute an example of an auction format where incomplete bid
data arise naturally. In the stylized model of ascending auctions, the push-button auctions, prices
rise continually (from a very small value) and each of the I bidders chooses when to (irreversibly)
exit the auction by releasing a pressed button. The auction ends when the second to last bidder
exits, and the last remaining bidder is awarded the object at a price that is equal to the exit price
of her last competitor. A dominant strategy equilibrium for the bidders (in the private value envi-
ronment) in this setting is to exit the auction when the selling price reaches their reservation value
(see Athey and Haile (2002)). Therefore, by design, we can never observe the bid (which are the
exit prices in this case) of the bidder with the highest valuation, and we observe at most the lowest
I — 1 order statistics of the bids.

Example 2.5. Another reason why the econometrician may only observe an incomplete set of order
statistics of the bids, can simply be due to the fact that only a subset of the order statistics of the
bids are recorded in the data. It is for instance not uncommon in large FP sealed bid auctions,
where all the bids are observed by the auctioneer at the time of the auction, to only have records

of the top two (or more) bids in the data.

Since the model described above is observationally equivalent to one where a different labelling
is used to denote the different values of the UH, I normalize the supportof Uto!Ud = {1,--- ,N},

where N denotes the cardinality of &/ which I assume to be possibly unknown to the econometri-

6When the variable U is unobserved by the bidders, the above model is an affiliated private value model, with a
particular affiliation structure given by Assumption (see Milgrom and Weber (1982) or Li, Perrigne, and Vuong
(2002))



cian. By assumption 2.1} the distribution of the observed bids satisfies (see

N
PB(i1>,...,B(ir)|1(bi1/' o /biy|1) = Z P(U = n)FB(li),...,B(ir)\U,I(bilr' o ’bir’u =n, I)‘ (2.3)
n=1

The left-hand side (LHS) of [2.3|is identified from observation of an i.i.d sample of the correspond-
ing order statistics of the bids (and I;), and the goal is to identify all the terms that appear on the
right-hand side (RHS) of Iﬂ Since the distribution of any order statistics of the bids (condi-
tional on a fixed value of I) is sufficient to identify the distribution of bidders” valuations in an
auction model (both first and second price) with symmetric independent private values and no
unobserved heterogeneity (see Athey and Haile (2002)), the identification of Fy) . p) w1 will im-
ply (using results in Athey and Haile (2002)) that Fy ; (see is identified. Indeed, in the case of
SPA, identification of distribution of an order statistics of the bids FB“

i1
imply the identification of the distribution of the corresponding order statistic of valuations (since

(forsomej=1,---,r)

the bids in this case correspond to players’ valuations). Furthermore, the distribution of any order
statistic of valuations (from independent draws) identifies the underlying distribution of valua-
tion; this follows from the fact that the CDF of any order statistic of valuations is a known mono-
tone transformation of the underlying CDF of valuations (see Lemma5.2).

For FPA, the marginal distribution of bids Fp|;; ; is identified from the distribution of any order
statistic of the bids FB“/) e (forsomej=1,---,r) (see Lemma , and the marginal distribution
of valuations Fy;; is identified from the marginal distribution of bids Fp|;;; using the first order

condition of player’s maximization problem (see Guerre, Perrigne, and Vuong (2000)):

LFBHJ,I(B)
I—=1 fpu,i(B)

where fp|;; 1 denotes the density of B conditional on U. In equation the random variable B that

V= g(B, FB|U,I’ 1) =B + (24:)

appears on the RHS has a distribution given by Fp;; ; and the variable V' that appears on the LHS
has distribution given by Fy|;. Hence if Fp)y; is identified for some fixed value of the random
variable I, then the function {(-, Fgy,1, I) in is identified, and the distribution Fy;; is identified
as the distribution of variable V' = {(B, F,, I), where B ~ Fg|;; ;. Therefore, for both FP and
SPA, our identification problem reduces to studying under what conditions the terms on the RHS
of 2.3lare identified from the distribution on its LHS.

The structure of 2.3|is very much different from that of mixture models considered in the lit-
erature on nonparametric identification of mixtures (see Elizabeth, Matias, and Rhodes (2009),
Bonhomme, Jochmans, and Robin (2014), Bonhomme, Jochmans, and Robin (2016) and Kasahara

and Shimotsu (2014)). The mixture model considered in these papers is one where the observed

"Here and in what follows, identification is understood to mean up to label swapping of the various components of

the mixture.



variables, say X1, Xo, - -, X, are conditionally independent given the realizations of some finite
unobserved heterogeneity ® (say with support {1,---, N}), which yields the following expres-
sion (similar to[2.T):
N P
P(X1 <x, X2 <o, ,Xp <xp) = ) _P(O©=n)[[P(X; < x;|© =n). (2.5)
n=1 =1
The multiplicative structure on the RHS of is however not possible in our setting where the
observed variables are order statistics, as they are necessarily correlated (after conditioning on the
Uy and I;). Indeed, conditional on the largest order statistic (out of Iy independent draws from
some distribution) taking a specific value, all other order statistics are constrained to take smaller
values. In the next section, I will show how the Markov property of order statistics (see Lemma
can be exploited to rewrite equation2.3]in a form that is similar to

3 Identification

Before proceeding to the identification argument, I first state a lemma that recalls the Markov
property of order statistics. The original statement and proof of this result can be found in Kol-

mogorov (1933) (see also Aron and Navada (2003) for a more recent treatment).

Lemma 3.1. (Markov Property) Let W; (i = 1,..., 1) represent i.i.d draws from some continuous dis-

tribution F, then the corresponding order statistics WO G=1,---,1) satisfy
w)| <W<k+l>,. . ,W(Io)) ~ WE WD)
forany1 <k <Ip—2

Lemma implies for instance that for a fixed number of bidders Iy, the observed bids B
and B() are conditionally independent given B(2) and U (recall that i; < ip < i3). I will use such
arguments below to rewrite equation 2.3[in a form that allows me to exploit techniques from the
mixture literature and to identify all variables on the RHS of I now proceed to introduce some
additional assumptions that I will require for identification.

I establish below identification of my model under two distinct scenarios that are determined
by the structure of the data that is available to the econometrician. In the first scenario, I will
assume that the econometrician can observe an instrumental-like variable that is conditionally
independent of the distribution of valuations given the UH. In this case I establish identification
of the RHS of R.3if the econometrician observes in addition three order statistics of the bids across
an i.i.d sample of auctions, if these order statistics of bids satisfy a full rank condition, and if the

instrument satisfies exclusion-restriction and relevance-like conditions. In the second scenario, I
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will assume that the econometrician can observe at least five order statistics of the bids across an
ii.d sample of auctions. This arises, for example, if the data contains all the exit prices in a push
button English auction where at least six bidders participate, or it can also arise in large auctions
where only few of the top bids (at least five) are recorded in the data (see Example[2.4Jand Example
. I show that with this data structure, a full rank condition on the conditional distribution of the
order statistics of the bids suffices to identify all terms on the RHS of Formally, the assumptions

are:

Assumption 3.2 (For three order statistics of the bids plus an instrument). For i1 < i < i3 < [,
and for some a € R4, the following conditions on the instrument Z and on the players’ bids and
valuations are satisfied:

(W,---, Vi) L Z|U, (3.1)

and the cumulative distribution functions within each of the following sets are linearly indepen-
dent:

{Fg0 5 —gu—t1,1 "+ Fpin) pi2) —q =N, 137 {Fs) 562 —q =10+ # Fpti) Bl —g u—ni1 1+ (3.2)

and
{Fzju=1, "  Fzu=n}- 3.3)
Assumption 3.3 (For five order statistics of the bids). For i < iy < --- < i5 < I, and for some

a,b € Ry with a > b, the cumulative distribution functions within each of the following sets are

linearly independent

{FB(il)‘B(iZ):glu:LI’ Tty FB(f1)|B<iz):a,u:N,1}r

F

{F B(3)|Bli2) =q,B4) =b,I=1,1" """ B<f3>\B<fz>:a,3<f4>:b,u:N,z}

and
{FB<i5’\B<i4>=b,u=1,1" o 'FB<"5)|B<i4>:h,u=N,1}~
Remark 3.4. For Assumption to hold, for either FPA or SPA, it is necessary that the interval [b, a]

is contained in the intersection of the support of the marginal distribution of bids given different

N
n=1

values of U. For SPA, this amounts to requiring that [b,a] C N)_,(cy, dy), where (cy,, d,,) represents
the interior of the support of the marginal distribution of valuations given U = n (see and
2.2). Hence [3.3| precludes settings in which the support of the marginal distribution of bids given

different values of the UH have intersection with empty interior. A similar remark applies to

Remark 3.5. Assumption 3.2]allows for the instrument Z to be discrete. However, for condition 3.3]
to hold, it is necessary that Z has at least N support pointsﬂ

8 As can be seen from the proofs of our results below, Assumptioncan be weakened to requiring that the CDFs

within the sets { F() B g =11 FB<11>|B<iz>:a,u:N,I}' and {FB<"3>\B("2>:g,u:1,1r R \B“z):a,u:N,I} are linearly in-
dependent, and that the CDFs in the set {FZ|U:1/ S, Fz\u: ~ | are not all equal (see Remark . In this case identifi-
cation is possible when Z has only two support points.
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I refer to the variable Z in Assumption [3.2|as an “instrumental-like” variable, because condi-
tion can be interpreted as an exclusion-restriction, as it allows for the variable Z to affect the
distribution of the observed bids only through the variable U, and condition 3.3/ can be seen as a
relevance condition, as it requires—in some sense—that Z be correlated with U. Note, however,
that the variable U which plays the role of the endogenous variable in the analogy is not observed.
One good example of an instrument Z in our setting is a secret reserve priceﬂ Indeed, suppose
that the secret reserve price is given by Z = h(U, ), for some function h, and where 7 repre-
sents the seller’s own private information which is conditionally (on UH) independent of bidders
valuations: thatis # L (V4,---,Vy)|U. Then 3.1]is clearly satisfied, and [3.3| can be expected to
hold for some choices of functions / and of variable 7. It can easily be shown that [3.3| holds if
Z = h(U,n) = U+ 7y and if we assume in addition that # L U. Such a model for the reserve
price is reasonable if the seller also observes U (in addition to some private signal #), and uses that
information to set the reserve price (see Roberts (2013) and Freyberger and Larsen (2020)). Another
example of an instrument suggested by Hu, McAdams, and Shum (2013) in the context of timber
auction, where the U represents the quality of timber for sale, is the average amount of rainfall
or the soil quality, which is arguably correlated with timber quality, but only affects bidders” val-
uations through timber quality. Another example of an instrument in the setting of Example
above, is the average yearly amount of salt used to melt ice on the roads in the locality (zip code)
of provenance of the car, as the amount of snow used on the road is negatively correlated with the
condition of the car’s body and can reasonably be assumed to affect bidders’ valuations of the car
through the car’s body.

Note that unlike Roberts (2013) and Freyberger and Larsen (2020) who use an instrument to es-
tablish identification in a setting with incomplete bid data and UH (in the setting of Freyberger
and Larsen (2020) the number of bidders I is also unobserved by the econometrician), we put little
restrictions on how the instrument and UH are related. In Freyberger and Larsen (2020), since
they rely on classical deconvolution arguments for identification, the instrument is related to the
UH in an additively separable way: Z = U + 7, with 77 independent of all other variables in the
model. The additive separability assumption greatly restricts the way in which the UH affect the
distribution of the instrument, as it is only allowed to shift its mearm In the UH is allowed to
shift the distribution of the instrument in a much more complex way. In Roberts (2013), however,
the identification argument relies on a control function approach, and the instrument Z (which is
the reserve price in his setting) is essentially modelled as some strictly monotonic function of U:

That is Z = h(U) for some unknown and strictly monotone /. Clearly, modelling the seller’s re-

9 A secret (as opposed to a public) reserve price is one that is not observed by the bidders when they place their bids.
10Their identification argument is also valid for the multiplicative separable specification Z = Uy, where both U and

1 are positive. Indeed an application of the logarithm function transforms this specification into an additive separable
one, and the identification results in that context apply. Note that the multiplicative separable specification only allows

the UH to shift the mean of the logarithm of the instrument.
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serve price as a deterministic function of U excludes settings where the seller also possesses some
additional information that she uses to set the reserve prices, which may lead to the distribution

of Z|U being non-degenerate.

Remark 3.6. The full rank conditions that appear in Assumption 3.3land Assumption (3.2 are simi-
lar to the full rank conditions that are needed for identification in the mixture literature and in the
misclassification literature (see Elizabeth, Matias, and Rhodes (2009), Bonhomme, Jochmans, and
Robin (2014), Bonhomme, Jochmans, and Robin (2016) and Kasahara and Shimotsu (2009), Hu,
McAdams, and Shum (2013), Hu (2008), An, Hu, and Shum (2010)). These rank conditions require
that the UH induces sufficiently heterogeneous variations on the conditional distribution of ob-
served order statistics given U. As will be shown in the proof, the rank conditions are needed to
guarantee the invertibility of certain matrices. In the case of SPA, since bids are equal to valuations,
assumptions 3.3[and 3.2 are assumptions on the underlying distribution of valuations; a primitive
of the model. Hence these assumptions can be seen as “"low-level” conditions in the case of SPA.
In the case of FPA, however, these assumptions put restrictions on the distributions of observable
bids (not a primitive of the model), and [3.3| and [3.2| are interpretable in this case as “high-level”
conditions. Intuitively, for conditions and to hold, the re-normalization to subintervals of

the conditional distribution of valuations has to sufficiently vary across different values of U.

Example 3.7. For both FP and SPA, Assumption [3.3/and condition 3.2 in Assumption 3.2 hold for
many familiar parametric distributions. It can be shown for instance that it holds if the condi-
tional distribution of valuations given the UH is log-normally distributed. That is V|U ~ Z with
log(Z) ~ N(U,1) orlog(Z) ~ N(0,U), and with any pair of positive numbers 0 < b < a and any
five order statistics. The same conclusion also applies if the conditional distribution of valuation

given the UH is exponential: Thatis V|U ~ exp(U).
Example 3.8. In the case of FPA and SPA, and (3.2 fail to hold for instance when V|U = n is

distributed uniformly on the interval [0, 1], for n =1,-- -, N. In the case of SPA, this failure is due
to the fact that the conditional distribution of valuations conditional on valuations being less than
a(and on U = n), forany a € (0,1), is equal to the uniform distribution on [0, a] (independently of
n). Therefore, by Lemma the elements of the set

{F3<f3)|3(iz>:a,u:1,p' o 'FB('S)\B("z):u,u:N,I}

appearing in condition[3.2)(for any a € (0, 1)) are all equal, as well as those within the set

{FB(i5)|B<i4):b,u:1,1/' o IFB(is,)‘B(m):b,u:N,[}

appearing in[3.3|(for any b € (0,1)), and linear independence fails to hold. Therefore, Assumptions
and 3.3 fail to hold for this example (see Remark [3.4). In the case of FPA, the bidding strategy
in auctions of type U = n is given by B(v) = (I/(I +1))v for v € [0,n], and the conditional
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distribution of bids conditional on bids being less than any 4, forany a € (0,1/(I +1)),is given by
the uniform distribution on [0, a] (independently of 1). Therefore, by Lemma as above, linear

independence of the elements of the set

{FB(is)‘B(iz)zu,u:L]' Tty FB(i3)|B(i2):a,u:N,1}/
or
{FB(G)\B(M):b,u:L]r Tty FB(f5)|B<i4):b,u:N,1}r

fails to hold for all values of a and b in the interior of the common intersection of the supports (see
Remark [3.4)) which is equal to (0, /(I 4 1)).

I show in Section 3.2]below that in the case of SPA, failure of 3.3 or [3.2}-as in Example [3.8—is
in some sense “pathological”, and both conditions hold generically. Loosely speaking, this means
that given all the restrictions that we put on the conditional (on UH) distribution of valuations, an
N—tuple of distributions (Fyyj—1, - - , Fyjy—n) taken at random from the appropriate space (which
imposes all the other restrictions of the model) satisfies the desired conditions with ”probability”
one. The appropriate definitions and the exact statement of the result will be provided in Section

B.2] I now state the main identification results of this section.

Theorem 3.9. Suppose that the econometrician observes an i.i.d sample {Bt(il), Bt(iZ), Bt(i3), Z, It thl and
that assumption 3.2) holds. Then the conditional distributions of players’ bids given different realizations of
the unobserved heterogeneity U and of the number of bidders I, Fy; 1, as well as the marginal distribution

of the unobserved heterogeneity are identified.

Theorem 3.10. Suppose that the econometrician observes an i.i.d sample {Bt(il),- -, B;iS), I;}L | and that

assumption 3.3\ holds. Then the conditional distributions of players’ bids given different realizations of the
unobserved heterogeneity U and of the number of bidders 1, Fg)y, 1, as well as the marginal distribution of

the unobserved heterogeneity are identified.

Remark 3.11. Theorem is the first positive identification result in a model with incomplete bid
data and unobserved heterogeneity that does not rely on the availability of some additional aux-
iliary data such as an instrument (contrast to Roberts (2013) and Freyberger and Larsen (2020)).
Also, the identification argument does not exploit variations in the number of bidders I, and the
argument can be made conditional on a fixed value of I (contrast to Quint (2015)). Hence Theorem
in parts, answers an identification question raised in section 3.2 of Athey and Haile (2002),
concerning the possibility of identification in a model of UH from an incomplete set of bids. The
main new technical tool used to establish these identification results is the Markov property of
order statistics (Lemma 3.1). The use of five order statistics in [3.10|to obtain identification mirrors
the result of Hu and Shum (2012) where five periods of observation are needed to establish iden-
tification of the law of motion of a Markov process with some unobserved state variables, and the

identification arguments are somewhat similar.
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Remark 3.12. Note that by the exogenous entry assumption and the fact that bids are equal
to valuations in SPA, the identified conditional distributions of bids Fp|;; ; are independent of the
number | of bidders and are equal to the conditional distributions of bidders” valuations given U:
Fyy- In the context of FPA however, although the exogenous entry Assumption implies that the
conditional distribution of valuations given U and I is independent of I, the identified conditional
distributions Fp)y;; will be dependent on I, as the bidding strategies in FPA are functions of the
level of competition I. In fact, Fp|;;,; will be increasing in I in the first order stochastic dominance
sense, since players shade less when the competition is greater in FPA. This shows that both in
FPA and SPA the exogenous entry assumption has some testable implications when the variable I

takes at least 2 values with positive probability.

Remark 3.13. A closer look at the proof of Theorem 3.10reveals that Assumption3.3]is stronger than
needed for identification and can be relaxed. Indeed, the conclusion of [3.10|still holds if condition
B.3)is replaced with the weaker assumption that only requires that the CDFs within any two of the
three sets in are linearly independent and those within the third set are distinct. However, the
identification argument under this weaker form of Assumption 3.3]is more involved. Similarly, the
result of Theorem [3.9|still holds if we only require that the CDFs within any two of the three sets
in and 3.3|are linearly independent, and that those within the third set are distinct (see proof of
B.20). In section 3.1} I introduce an easily interpretable condition on the conditional distributions of
valuations (given U) in the context of FPA, and show that it implies the weaker form of Assumption
alluded to above, thus providing a low-level condition that is sufficient for identification in the
setting of Theorem

Heuristic. I provide now the heuristics for the main steps involved in the proof of[3.10] The argu-
ment used to establish 3.9|is similar. The following argument is done conditional on the random
variable I (the number of bidders) taking a fixed value Ij in its support, and, for notational sim-
plicity, I will omit I from the conditioning set. The proof proceeds in three main steps. In the first
step, I use multiple applications of Lemma 3.1/ and the law of iterated expectations, to express the
joint distribution of any five order statistics of the observed bids (in auctions with I bidderﬂ—

which I assume without loss of generality to be the first five order statistics — as follows

F(po, o) pe) o ) (b1, b3, bs|B? = a,BY) = b) (34)
N

= Y P(U=n|B® = a,B® = b)Fy,(b1)F3(b3) 5 (bs) (3.5)
n=1

where P1n(b1) = PB(l)‘B(z)(bﬂB(z) =4a, u= n), an(bg) = FB(s)‘B(z),B(A;) (b3‘B(2) = H,B(4) = b, u= Tl)
and Fs; (bs) := Fges)pu) (b5|B® = b,U = n). Equation [3.4]is now in a form that is similar to
and note that by Remark the probabilities { P(U = n|B? = a,B® = b)}N | are all non-zero.

HSince we consider auctions with incomplete bid data, I is necessarily greater than or equal to 6.
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In the second step of the proof, I apply the arguments from the mixture literature to identiny all
the terms on the RHS of Assumption [3.3 can be seen as the natural analogue of the linear
independence condition in Theorem 8 of Elizabeth, Matias, and Rhodes (2009). In the third step of
the proof, I show how the objects of interest— the conditional distribution of bids given different
values of the UH, {Fy;;(-|U = n)})',, and the marginal distribution of the UH—can be identified
from the terms on the RHS of In this last step, I repeatedly use Lemma and Lemma to
identify different “portions” of the marginal distribution of bids given the UH from the conditional
distribution of order statistic of bids that appear on the RHS of The application of Lemma
implies, for instance, that Fs, is equal to the distribution of the largest order statistic out of Iy — 4
independent draws from the distribution of bids conditional on U = # and on bids being less than
b. It then follows from Lemma that ¢;}0_1 o Fs, identifies the distribution of bids conditional

on U = n and on bids being less than b:

FB\U(‘W:”)
Fpy (b|U = n)

Once the conditional distributions of bids given different values of the UH are identified, re-
call that in the case of SPA, the identification of Fg); implies the identification of the conditional
distribution of valuations Fv|u (since bids are equal to valuations), and for FPA, the conditional
distributions of valuation given the UH, Fyy, are identified from Fp; through This concludes
the identification argument.

U

3.1 Low level condition for FPA

In the setting of FPA, I provide in this section a condition on the distribution of bidders’ val-
uations that is sufficient for identification when the data available to the econometrician is as in
Theorem I replace the identifying assumption 3.2 — a condition on the observed bids (a high-
level condition for FPA) — used to establish Theorem 3.9 by an assumption on the conditional
distribution of bidders’ valuations given U — a condition on a primitive of the model (a low-level
condition). Moreover, I show that the new low level condition is sufficient for identification of
the parameters in Theorem I begin by recalling the definition of the reverse hazard rate order
(see Shaked M. (2007)), which is a stochastic order that I use in the statement of Assumption m
below™]

12Recall that identification in this context is defined up to label swapping.
13Reverse hazard rate dominance is equivalent to the notion of conditional stochastic dominance in Maskin and Riley

(2000) (see 1.B.43 in Shaked M. (2007)).
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Definition 3.14 (Reverse hazard rate dominance). Let F be a continuously differentiable CDF with
density f. The reverse hazard rate (RHR) function of the distribution F is defined by

_f(#)
Yp(t) = m

for all values of ¢ strictly greater than the lower bound of the support of F, and is equal to zero oth-
erwise. Given two random variables X ~ F and Y ~ G, we say that X dominates Y (alternatively
F dominates G) in the RHR order, and write X >, Y (alternatively F >, G), iff

re(t) = re(t) (3.6)

for all t € R. Moreover, we say that X strictly dominates Y in the RHR order and write X >, Y
(or F >, G)if inequalityholds for all t and is strict for some values of t. Finally, we say that X
strongly dominates Y in the RHR order, if inequality [3.6|holds for all ¢, and is strict for all ¢ strictly
greater than the lower bound of the support of G and strictly less than the upper bound of the
support of F.

Remark 3.15. Note that if F =,;, G, then it is necessarily true that the lower bound (resp. upper
bound) of the support of G is less than or equal to the lower bound (resp. upper bound) of the
support of F. Also, it is easy to show that (see 1.B.43 in Shaked M. (2007)) X dominates Y in the
reverse hazard rate order if and only if [X|X < ¢] first-order stochastically dominate [Y|Y < ¢] for
all t strictly greater than the maximum between the lower bound of the support of X and the lower
bound of the support of Y F__‘fl Finally, reverse hazard rate order is implied by the likelihood ratio
order and implies first order stochastic dominance || (see Theorem 1.B.32 and Theorem 1.C.1 in
Shaked M. (2007), and Lemma 3.1 in Maskin and Riley (2000)).

I now state the main identifying assumption for Theorem below.

Assumption 3.16. The instrument Z satisfies conditions[3.1jand [3.3] The conditional distributions
of bidders’ valuations, denoted by F, (F, := FV\u:n)/ are supported on the finite intervals [c,, d,]
with a common lower bound: ¢, = ¢ independently of n. The distributions F, are increasing in 7,

forn =1,---,N,in the RHR order: That is, whenever n > n’, we have
Fn = Fu, (37)

and we assume in addition that the inequality between the RHR functions are strict for values of ¢

near the lower bound of the support, i.e, there exists 6 > 0 such that

rE, (t) > 7E, (t) (3.8)

forallt € (c,6),and foralln > n'.

4Tn an asymmetric auction setting with two types of bidders, Maskin and Riley (2000) refer to a notion similar to the
latter property as conditional stochastic dominance, and Athey, Levin, and Seira (2011) refer toas the hazard rate order.
I5we say that F dominates G in the likelihood ratio order, and write F >, G, if the ratio of their densities % is

non-decreasing over the union of their supports.
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Remark 3.17. By Remark [3.15/and Footnote and [3.8/hold for instance if the ratio of densities
fu(t)/ fu (t) is non-decreasing on (c, d,,) and strictly increasing on (¢, d) whenever 1 < n’ < n < N.
Also, it is easy to show that|3.7] and |3.8| imply that F,(t)/F,(t) is non-decreasing in t (for t > c),
and is strictly increasing on the interval (0,6) (see p.37 in Shaked M. (2007)), where ¢ is as in
Assumption 3.6}

The condition on the distribution of bidders valuations in Assumption is inspired by
Proposition 3 in Hu, McAdams, and Shum (2013), where monotonicity of the conditional dis-
tribution of valuations in the first order stochastic dominance (FOSD) sense is used to establish
a full rank condition on the conditional distributions of observed bids in FPA. In the setting of
this paper, however, monotonicity of Fy|; in U with respect to FOSD does not imply condition
on the conditional distribution of the observed order statistics of the bids, as shown by Example
Therefore, Monotonicity with respect to a stronger stochastic order is necessary to guarantee
the full rank conditions 3.2 on the distribution of the observed bids. Note that when the condi-
tional distributions of valuations are as in Example condition 3.7|is satisfied, whereas 3.8 is
not. Indeed, in the setting of Example the RHR function of F, is given by

ra(t) =1/t

for t € (0,n], and r,(t) = 0 otherwise. I show in Proposition 3.18below, that condition 3.7]coupled
with 3.8/ imply that bidders in auctions corresponding to larger values of the unobserved hetero-
geneity consistently bid more aggressively (closer to their valuation) than those in auctions with
smaller values of U, and using the first order condition of bidders” maximization problem, I show
that this implies that the distribution of bids in auctions that correspond to larger values of the un-
observed heterogeneity strongly dominates in the RHR order the distribution of bids corresponding

to lower values of the UH.

Proposition 3.18. Suppose that Assumption is satisfied, and let G, ; denote the marginal distribution
of players’ bids in auctions of type U = n with I participants (Gy,1 := Fp|yy—y,1), where I > 2. Then Gy, |
strongly dominates G,y | in the reverse hazard rate order whenever 1 < n’ < n < N, and the upper bound

of the support of G, 1, denoted by, 1, is strictly increasing in n.

Proof. Fix I > 2 auction participants, and consider the different first-price auctions that correspond
to different values of the variable U. When U = n, the (unique) symmetric, differentiable and
strictly increasing Bayesian Nash equilibrium strategy of the corresponding FPA, denoted by B, 1,
is given by (see Riley and Samuelson (1981) or Guerre, Perrigne, and Vuong (2000))

puate) = [ (149) T (39)

for v € [c,d,], where F,, c and d, are as in Assumption Let1 < n’ < n < N. By Remark
for all v > ¢, the distribution of bidders” valuations conditional on valuations being less than
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v in auctions of type U = n, strictly first order stochastically dominates the distribution of bidders’
valuations conditional on valuations being less than v in auctions of type U = n’: That is

Fi(u) _ Ew(1)

Fa(©) = Fu(0) (3.10)

for any ¢ < u < v, and note that the inequality is strict whenever ¢ < u < min{J,v}. Combining

B.9and [3.10]yields
Bui1(v) > B 1(v) (3.11)

for all v > c. The latter is easily shown to imply
bt > by ) (3.12)

whenever 1 < n’ < n < N. Let g, ; denote the density of the marginal distribution of players’ bids
in auctions of type U = n. Making the change of variable v = [5;} (b) into the first-order condition

of bidders” optimization problem (see Proposition 6 in Laffont and Vuong (1996) for details) we

get
1

(I=1)(B,1(b) = b)
where 7, 1(b) = g4,1(b)/Gy1(b) (for b > c¢) denotes the RHR function of the distribution G, ;.
Combining and yields

n1(b) = (3.13)

Tu,1(b) > 7w 1(b) (3.14)

forallb € (c,b, ], and n > n’ . Moreover, since , [ (b) = 0 for all b € (b, 1, b, ], we conclude that
inequality holds for all b € (c, b, ;) and G, | strongly dominates G,/  in the RHR order.
O

I now establish a corollary of the preceding proposition that shows that a weaker version of
condition [3.2]is satisfied when Assumption holds. Note that the distributions in the set

below are only shown to be distinct (contrast to the condition on the same set of distributions in

5.2).

Corollary 3.19. Fix 1 < iy < ip < i3 < I, and suppose that Assumption is satisfied. Then for
any a € (c,by ;) — where by denotes the upper bound of the support of bids when there are I auction
participants and U = 1 (see Proposition — the elements of the set

{FB<i1)|B(i2>:a,u:l,I’ Ty FB(il)‘B(’?):a,U:N,I} (315)

are linearly independent, and the elements of the set

{FB<13)|B(i2):a,u:1,1/ Tty PB(i3>‘B(i2):u,u:N,I} (3-16)

are distinct.
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Proof. 1 first establish the claim concerning Note that since densities of valuations are as-
sumed to be strictly positive on the interior of their support (recall and that bidding strategies
are continuously differentiable and strictly increasing on the interior of the support of bidders’
valuations, the support of a player’s bid in an auction of type U = n with I participants is given
by [c,b,,1]. Therefore, by Proposition for any a € (c,by 1), the support of a player’s bid in
an auction of type U = n with [ participants and conditional on the bid being larger than a,
[B|B > a,U = n,I],is equal to [a, b, 1]. By Lemma the distribution of [B(")|B(2) = 4, U = n,I]
is the same as the distribution of the iﬁh order statistic out of i, — 1 draws from the distribution of
[BIB > a,U = n,I]. The latter observation combined with Lemma [5.2 imply that the support of
[B()|B(2) = a,U = n,1I] is given by the interval [a, b, ;]. Since b,, | is strictly increasing by Proposi-
tion it easily follows that the elements of {Fy B2 a1, Fpiy B2 —a,UI=N, ;} are linearly
independent.

I now establish the claim concerning By Proposition the marginal distribution of
bids in auctions of type U = n with [ participants, G, 1, is increasing in 7 in the strong RHR or-
der. Therefore, for any a € (c, by 1), the distribution of a player’s bid in an auction of type U = n
with I participants and conditional on the bid being less than or equal to a, [B|B < a,U = n,I],
is strictly increasing in n in the FOSD sense m Indeed, G, ; increasing in # in the strong RHR or-
der implies that G, (t)/ G, ;(t) is strictly increasing in t on (c, by, ), whenever 1 < n’ < n < N.
By Lemma the distribution of [B(i3) \B(iZ) = a,U = 1,1] is the same as the distribution of the
(i3 — ip)"" order statistic out of I — i, draws from the distribution of [B|B < a,U = n, I]. Combin-
ing the latter observation with Lemma and the fact that all the functions ¢;.; in are strictly
increasing, we conclude that [B(®)|B(2) = q,U = n, 1] strictly first order stochastically dominate
[B(i3)\B(i2) = a,U = n',I] whenever 1 < n’ < n < N, and the elements of the set are dis-
tinct. O

I now state the main theorem of this section, the proof is given in the Appendix.

Theorem 3.20. Suppose that the econometrician observes an i.i.d sample {Bt(il), Bt(iZ), Bt(i3 ), Zs, It}z;l from
FPA and that assumption holds. Then the conditional distributions of players’ bids given different
realizations of the unobserved heterogeneity U and of the number of bidders 1, Fg|; 1, as well as the marginal

distribution of the unobserved heterogeneity are identified.

Remark 3.21. Note that Assumption puts a natural order on the components of the mixture and
makes it possible to unambiguously identify each mixture component. Indeed, Proposition 3.1]
implies that the mean of the distributions Fp|y; s is strictly increasing in LIE} Hence the identifica-

tion result in Theorem holds in the “classical” sense (not up to a permutation of the mixture

16 T say that a distribution F strictly dominates a distribution G in the FOSD sense if F(t) < G(t) for all t € R, with

the latter inequality being strict for some values of ¢.
17Recall that strong RHR dominance implies strict first-order stochastic dominance.
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components as in Theorem [3.9|and Theorem [3.10).

3.2 Genericity of identification for SPA

In this section, in the setting of SPA, I show that given all the (other) maintained assumptions
on our model, the set of underlying distribution of valuations for which the distribution of ob-
served bids satisfy condition 3.2| and [3.3|is “large” or “generic”. This, in some sense, provides
some justification for stating that Assumptions3.2|and [3.3|are mild in the context of SPA.

For finite dimensional spaces, a property is said to be generic if the set of parameter values for
which it fails to hold is a set of Lebesgue measure zero (a Lebesgue null set). This definition, how-
ever, does not readily extend to infinite dimensional Banach spaces, as there is no natural analogue
of the Lebesgue measure on such spaceﬁ (see Hunt, Sauer, and Yorke (1992)). There are two main
notions of genericity in infinite dimensional spaces: the topological notion and the measure theo-
retic notion (see Anderson and Zame (2001)). The results in this paper will be stated in terms of the
measure theoretic notion of genericity, as it is the natural extension (to infinite dimensional spaces)
of the finite dimensional notion of genericity alluded to above. The starting point for this notion of
genericity is based on the observation that in R?, a Borel set A has Lebesgue measure zero if and
only if there exists a compactly supported probability measure, y, such that u(A + x) = 0 for all
x € R? (see Hunt, Sauer, and Yorke (1992)). The latter equivalent characterization of a Lebesgue
null set has a natural extension to infinite dimensional spaces: We say that a Borel subset A of
an infinite dimensional Banach space X is shy if there exists a compactly supported regular Borel
probability measure y on X" such that y(A + x) = 0 for all x €X (see Anderson and Zame (2001)
and Hunt, Sauer, and Yorke (1992)@ Hence, shy sets are the infinite dimensional analogue of
Lebesgue null sets, and we say that a set A is prevalent if its complement is shyF_Ul

As argued by Anderson and Zame (2001), however, the latter definition is not satisfactory for
many economic applications, as the parameter space under consideration is often a much smaller
subset of the ambient vector spaceETl Anderson and Zame (2001) provide an extension of the con-
cept of shyness and prevalence to convex subsets of vector spaces. The definition (which I simplify

to the setting of this paper) is as follows: Let X be a Banach space, and let C C X be a closed con-

18The important property of the Lebesgue measure being that it is a non-zero translation invariant Borel measure

which assigns finite mass to open balls.
The definitions and results in Hunt, Sauer, and Yorke (1992) and Anderson and Zame (2001) are stated in terms of

completely metrizable topological vector spaces. This level of generality, however, will not be needed for our results.
20Gee Hunt, Sauer, and Yorke (1992) for an extension of the concepts of shyness and prevalence to sets that are not

necessarily Borel measurable.
2lConsider for instance the question of how generic the property of being invertible is for symmetric 2 X 2 covariance

matrices. The correct parameter space with respect to which genericity of invertibility should be established in this
example is the set of symmetric 2 x 2 matrices, a set that has Lebesgue measure zero in the space of all 2 x 2 matrices (it

is a set of dimension 3 in a space of dimension 4).
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vex subset of X'. Let c € C. A set E C C which is Borel measurable is said to be shy in C at c if
for each r > 0 and § € (0,1) there is a Borel regular probability measure with compact support
such that supp(u) C [6(C —c)+c|N B(c,r)F_ZI and p(E + x) = 0 for all x € X. By definition, E is
shy in C if it is shy at c for all c € C. A subset F C C is prevalent if its complement is shy in C. @
Anderson and Zame (2001) provide a series of results that show that the (relative) notion of shy-
ness given above satisfies all the properties that we should expect of a measure theoretic definition
of relative smallness. Papers in the economic literature that study this notion (or the topological
notion) of genericity (in infinite dimensional spaces) include among others Heifetz and Neeman
(2006), Chen and Xiong (2013) —who study genericity issues related to auction theory/mechanism
design— Andrews (2017) (see also Connault (2016))— for genericity issues related to identification.
Let X be the vector space of all N— tuple of continuous function on [0, 1] equipped with the
norm ||F|| = maxj<j<y max,cpq |Fi(x)|, where F = (Fy,- -+, Fy) is an element of X Let C be the
subset of X' that consists of all N—tuples of continuous CDFs. It can be easily shown that X" is a
Banach space, and that C is a closed convex subset of X'. Given a CDF ¢ and an element F € C,
let ¢ oF € C be defined by ¢ o F = (¢(Fy),--- ,¢(Fn)). Given a closed subinterval S = [b, a] (with
b < a)of [0,1] and an element F = (Fy, - - -, Fy) € C, let the renormalization of F on S, denoted Fs, be
the element of X' such that its i element is equal to
. F(-) — FE(
min{max{ FZ-Z(<u))—FZi((b))' 0},1}
if Fj(a) — F;(b) > 0 and is equal to the zero function otherwise. That is, the renormalization of F on
S is the N—tuple of functions which replaces each element of F by the corresponding conditional
distribution on [, a] when the latter exists or by the zeroth function otherwise. Note that for F € C,
Fs ¢ C if and only if one of the elements of F does not vary on S, in which case the corresponding
element in Fg is equal to zero. Also, when S = [0,1], Fs = F. let ¢, be the distribution of the ith
order statistic out of n independent draws from a uniform distribution on [0, 1] (see , and let A
be the collection of all such CDFs for all i and n:

A = {¢;.,|for some iand n € N such that 1 <i < n}.

Given an element F € C we define the rank of F, denoted rank(F), to be the dimension of the vector
space spanned by the elements of F. Let G* € C be such that rank(¢ o G*) = N for all ¢ € A (I
show in the appendix that such an element G* exists). When the set S is a singleton, define the

renormalization of Fon S, for F € C, by: Fs = G*. I now state the main result of this section.

22B(c,r) denote the ball centered at ¢ of radius 1, and C — ¢ := {x — c|x € C}.
23When the ambient space X is finite dimensional, a subset E of a closed convex set C is shy with respect to the

above definition if and only if it has measure zero with respect to the Lebesgue measure on the smallest hyperplane that

contains C (see Anderson and Zame (2001))
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Proposition 3.22. Forall 0 < b < a <1, the subset E, j, of C defined by
E,, = {F € C|min{rank(¢ o Fy ), rank(¢p o Fy o)), rank(¢p o Fio 1)} < N, for some ¢ € A}
is shy in C.

Corollary 3.23. For SPA, if we assume that the conditional distributions of bidders” valuations given dif-
ferent values of the UH have support contained on some compact set, say [0, 1] for instance, then the set of
all such N-tuples of distributions that satisfy condition 3.2 (or Assumption 3.3) is prevalent in C.

Interpretation Although the genericity results established in this section give some justification
in stating that assumptions 3.2 and [3.3| are mild, one should be careful with their interpretation.
The genericity claim is justified if any element of C is a plausible candidate for the set of conditional
distributions of valuations (given different values of U) in our model. In that case, assuming that
the identifying assumptions and hold will “almost always” be correct. However, for a
specific application, it might be the case that more structure is imposed on the model. For instance,
if the unobserved heterogeneity U represents some measure of quality of the auctioned object, it
might be natural to assume that distributions Fy;; that correspond to higher values of U first order
stochastically dominate those that correspond to lower values of U (see Hu, McAdams, and Shum
(2013)). In that case, the correct set C’ with respect to which genericity should be establish is smaller
than C; Indeed, C’ consists of the elements of C that are totally ordered in the first order stochastic
sense. Since the results of this section only deal with the genericity of the statement in C, they are
not applicable in the latter case, and it is possible for the set of distributions that satisfy 3.2)and [3.3]

to now be non-generic relative to C’.

Remark 3.24. By considering the setting where a2 = 1, b = 0, and by only considering the element
$1:1(x) = x of A, Proposition shows that the set of linearly independent N-tuples of distri-
butions is shy in C. This is precisely the condition required by Theorem 8 of Elizabeth, Matias,
and Rhodes (2009) to establish identification of mixtures of the type it is shown In Eliza-
beth, Matias, and Rhodes (2009) that the mixture model is identified if one observes at least
three continuous covariates, and the set of distributions of covariate j across different values of ®,
{P(X; < xj|® = n)},, is linearly independent (for at least three values of j). Proposition m
strengthens the conclusion of Theorem 8 by showing that this linear independence assumption
holds generically, and thus provides a counterpart to Theorem 4 in Elizabeth, Matias, and Rhodes
(2009) which shows (under some mild conditions) that the mixture model 2.5|is generically iden-
tified if the observed covariates are discrete. I state the foregoing observation in the following

corollary.

Corollary 3.25. The mixture model is generically identified whenever p > 3 and the covariates {X;}!_,

are continuously distributed.
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3.3 Identification for SPA when the number of bidders is unobserved

In this section, in the context of SPA, I show how the identification result in Theorem 3.9 can be
extended to a setting where the number of potential bidders I is unobserved. As in Theorem
I will assume that the econometrician observes at least three order statistics of the bids {B») };’,:1
(1 < i1 < iy < iz < I)and an instrument Z. However, I will now assume that the level of
competition I is unobserved. For instance, when iy = 1, i, = 2 and i3 = 3, this will mean that
the econometrician observes the top three bids from each auction in the sample (with at least three
bidders), but does not know how many bidders participated in each auction— all that she can infer
is that there are at least three bidders in each auction in the sample. The latter setting is in particular

relevant to online auctions (see Song (2004)). I will assume that I has finite support supp(I) = Z.

Assumption 3.26 (For three order statistics of the bids plus an instrument). The instrument Z
satisfies conditions and For 1 < i; < ip < i3, and for some a € R, the conditional
distribution functions of the observed order statistics of the bids (given U) satisfy the following
conditions:

the distributions within the set

{FBUl)\B(iz):a,u:l" o 'FB('&)\B("z):u,u:N} (3.17)
are linearly independent, and the distributions within the set
{FBUs)\B(iz):a,u:l" o 'FB(i3>\B<fz>:a,u:N} (3.18)

are distinct.

Remark 3.27. Note that the distributions appearing in[3.17/and do not involve conditioning on
the unobserved I (compare to[3.2). However, Lemma 5.1 implies that the distributions in are

independent of I. We have for instance that

FB(ﬁ)\B(iz):u,u:n,[ = Pipiiy-10 [FB|U:n][u,+oo] (3.19)

where ¢;.;,_1 is as in Lemma (5.2/and [FB|u:1] la,+00] denotes the distribution of Fp|;;_; truncated at
the left at a. Therefore the first set of distribution in[8.2]and the distributions in [3.17] are identical.
Note however that the second set of distributions in [3.2] and the set of distributions in [3.18 are
different. Indeed, by the law of iterated expectation and the exogenous entry assumption (2.3), we

have

FB<"3>|B<iz>:a,u:1 = Z P(I=j|I > i3)FB(i3>\B(iz):a,U:l,I:j
j€L and j>i3

and Lemma5.1jand Lemma5.2] yield

Fyippi—guer = 3 P =T 2 i3)Pi—inj—iy © [Fpju=1]joa (3.20)

j€Z and j>i3
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where [Fg|ij—1][0,, denotes the distribution [Fpj;_1][o, truncated at the right at a. Therefore, the
elements in are mixtures of the corresponding elements in the second set of condition
(over different values of I), and condition only requires that these mixtures are distinct for
different values of the UH (see Remark 3.13).

Remark 3.28. Using an argument similar to the one used to establish Corollary it is easy to
show that assumption is satisfied, for instance, for any three order statistics of the bids if: the
intersection of the supports of the conditional distributions of valuations given different values of
U has non-empty interior, Fy;—, strongly dominate in the RHR order Fy|;_, whenever 1 < n’ <

n < N, and the upper bound of the support of Fy|y, dy, is strictly increasing in U.

I now state the main result of this section. Its proof, which I provide in the appendix, involves
three main steps: In the first step (similarly to the first step of the proof of Theorem I show
how Assumption can be used to identify the conditional distribution of the instrument Z
given U for all values of U, i.e, {Fz|u:n}nN:1- In the second step, I show how the distributions
{Fz|u:n}nN:1 can be used to identify the joint distributions of the observed order statistics of the
bids conditional on different values of the unobserved heterogeneity U, i.e, {FB(ﬁ), B(2) B3 U= }nNzl),
and the marginal distribution of the unobserved heterogeneity. In the final step, I use the observa-
tion of Song (2004) to identify the conditional distributions of bids, Fu, from the distribution of
any pair of observed order statistics

Theorem 3.29. Suppose that the econometrician observes an i.i.d sample {Bgil), Bt(iZ), Bt(i3),Zt T, from
SPA and that assumption holds. Then the conditional distributions of players’ valuations given different
realizations of the unobserved heterogeneity U, Fy\y, as well as the marginal distribution of the unobserved

heterogeneity are identified.

Remark 3.30. A simple modification of the proof of Proposition shows that assumption [3.26]
holds generically.

Remark 3.31. The identification argument of Theorem does not extend to FPA. In particular,
the argument relies on the observation that under exogenous entry (Assumption [2.3), the underly-
ing marginal distribution of the players’ bids (given a value of UH) does not depend on I (as bids
are equal to values in SPA), and by Lemma 5.1 the conditional distribution of any order statistics
of the bids, say B(1), given a lower order statistic, say B(?), and UH is independent of I (see equa-
tion 3.19). However, in the context of FPA, since the bidders’ (common) strategy depends on the
level of competition (see equation [3.9), the marginal distribution of the players’ bids varies with
I, even under the exogenous entry assumption. One possible approach to take would be to make

the variable I part of the UH; however such an approach would require that one distinguishes

24 The conditional distribution of B(f1) given B(2) = gand U is independent of I and given by equation The
distribution [Fpji7](; 4.0) can then be identified by inverting relation and taking the limit of such distributions as a
approaches the lower bound of the support of B(2) identifies Fpu
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variations in the distributions of the mixture components that arise from changing I while hold-
ing other components of the UH fixed, in order to identify I and the underlying distribution of
valuations through Extending the identification result in to FPA, would be valuable for
empirical applications where the number of potential bidders also constitutes part of the UH (see

An, Hu, and Shum (2010)). I leave the investigation of this question to future work.

4 Conclusion

This paper studies the identification of auction models with incomplete bid data in a setting
where bidders’ valuations are independent conditional on some auction level UH with finite sup-
port. By exploiting the Markov property of order statistics, this paper shows that the joint distribu-
tion of bidders’ valuations and UH is point identified in both first and second price auction models
from a strict subset of the order statistics of the bids, without relying on the availability of auxiliary
auction data; all that is required is that the econometrician observes at least five order statistics of
the bids in the auctions in her data set. When the econometrician has access to an instrument, the
paper shows that observing at least three order statistics of the bids suffices for point identification,
and identification still holds even if the econometrician does not observe the number of potential
bidders, a setting that is relevant for online auctions. All the results are established under mild
low-level conditions on the distributions of valuations and without imposing any functional form

restriction on the relation between the UH and the valuations.

5 Appendix

5.1 Notation

I use ® and ®k to denote respectively the tensor product and Kronecker product. Given a
square matrix B, diag(B) will denote the diagonal matrix that coincides with B on its diagonal,
and of f(B) will denote the matrix that coincides with B on its off-diagonal and its zero on the
diagonal. For a general matrix B, I will use B to denotes its Moore-Penrose pseudo inverse and
||B||F to denote its Frobenius norm. For a positive integer d, I; will denote the d x d identity
matrix, and I will use eZ to denote the k' unit coordinate vector in R?. Given a matrix B € RP*1,
let vec(B) € RP7 denote the vector with its first block of p elements corresponding to the first

column of B, its second block of p elements corresponding to the second column of B, and so on.

5.2 Omitted proofs of section 3]

Before proceeding to the identification proofs, I first state two lemmas that will be used repeat-

edly throughout the identification argument. The first lemma describes how the distribution of
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one order statistic conditional on another is related to the parent distribution. For its proof, see
Theorem 2.5 in Aron and Navada (2003).

Lemma 5.1. Let Wy, - - -, W be independent observations from a continuous CDF F. Fix 1 <i < j < 1.
Then,

o the conditional distribution of W) given WU) = w is the same as the unconditional distribution of
the ith order statistic in a sample of size j — 1 from a new distribution, namely the original F truncated
at the left at w,

e and the conditional distribution of W) given W) = w is the same as the unconditional distribution
of the (j-i)th order statistic in a sample of size I — i from a new distribution, namely the original F

truncated at the right at w.

The second lemma describes how the distribution of an order statistic is related to that of the
parent distribution. Its proof can be found in Aron and Navada (2003) or Arnold (1992) (see also
Athey and Haile (2002)).

Lemma 5.2. The CDF of the it order statistic from a sample of size I from a continuous cdf F, which I
denote by F'1, is a strictly monotonic function of the F. Indeed, F*!(t) = ¢;.;(F(t)) where ¢;.1 is the CDF
of the i*" order statistic from I i.i.d draws from a uniform (on [0,1]) distribution, given explicitly by

n!

Pin(t) = (n—z)'(z—l)'/o s"7(1—5)"lds (5.1)
fort €10,1].

5.2.1 Proof of Theorem

Proof. The proof of Theorems and [3.9|is similar in parts to that of Theorem 1 and 2 in Bon-
homme, Jochmans, and Robin (2016) (see also Bonhomme, Jochmans, and Robin (2014), Hu, McAdams,
and Shum (2013) and Kasahara and Shimotsu (2014)), the main complication in the present setting
being due to the lack of conditional independence of the observed bids, which I overcome by ex-
ploiting the Markov property of order statistics. The following argument is done conditional on
{I} = I} where I is a value in the support of I;.

I begin by showing that the cardinality N of the support of the unobserved heterogeneity U
is identified. Fix 0 < b < a and let A!, A? and A® be arbitrary finite partitions of [0, b], [b,a] and
[a, +00] respectively, where Al = {1, - ,5|1A1‘}, A? = {8, ,5‘2A2‘} and A®> = {63, -- ,5|3’A3‘}.
Here |A| denotes the cardinality of the set A. By [2.1|and the Markov property of order statistics,
forie {1,---,|AY}andj € {1, ---,|A%|}, we have:

pewnegiwﬂegw@m:mmm:b>:

N . . . . . .
zpmzamw:mmw:mp@weﬁjwegmw:%mw:au:@
k=1
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N . . . . . .
= kzlp(u = k‘B(lz) = a,B(l4) = b)P <B(11) c 511‘3(12) =q,U= k) P <B(15) c 5]3’B(Z4) —b U= k)

Let the M € RIA' X4 be defined by M;; = P (B(il) € (51.1,B(i5) € 5]-3|B(i2) = q,Bls) = b), where i €
{1,---,|AY}andj € {1,---,|A%}. Fork € {1,--- ,N},i € {1,---,|AY|}and j € {1,---,|A%]},
let u; € RI2' and v, € RI*’l be respectively defined by [u]; = P (B(il) € 6!|B2) = q,U = k) and
[o); = P (B<is) € 83[Bl) =b,U = k), and set Ay = P(U = k|B(?) = a,B(i4) = b). The previous
equation then becomes:

M= i Akukvz. (5.2)

k=1

Note that the matrix M, the vectors u; and vy, and the constants A, depend on our choice of 4, b
and the partitions A! and A3. Equation [5.2|implies that the identified matrix M has rank at most
N, for any choice of 4, b, and of the partitions Al and AS. By assumption and by Lemma 17 of
Elizabeth, Matias, and Rhodes (2009), there exist 0 < b < a and partitions Al and A3, such that the
collection of vectors {uy,--- ,un} and {vy,--- ,vn} each form a linearly independent set, and the
coefficients A are all positive. The corresponding matrix M thus has rank N. In conclusion, the
maximal rank of the identified matrices M over different choices of a, b and of the partitions Al A2

and A3, is equal to N.

Let 0 < b < a and the partitions A! and A3 be chosen such that the matrix M has maximal
rank N. A simple modification of Lemma 17 in Elizabeth, Matias, and Rhodes (2009) shows that
the partitions A! and A% can be chosen to have cardinality N: |A!| = |A3] = N. For this choice
of partitions, I now show how the terms on the RHS of |5.2| are identified (up to permutation of
indices). Let A be a partition of [a,b] such that |Ay| = N. For i,k € {1,---,N}, let wy € RN be
defined by [wy]|; = P (B(i3) c (51-2|B(i2) =g,Bi) =p, U = k). By lemma 17 in Elizabeth, Matias, and
Rhodes (2009) and assumption the partition A? can be chosen such that the vectors {w} N ,
are linearly independent. For p,i,j € {1,---, N}, let the matrices M, € RN*N be defined by

[Mpl;j =P (B(il) €o},B%) € 53|B) =q,BM =b,B") € (sf,) .

Assumption 2.1]and the Markov property of order statistics yield
- T
My =Y Ay oy, (5.3)
k=1

where A, = P(U = k|B(i2) = g,Bli4) = p,B3) ¢ 5%,), and the vectors u; and v, are defined as in
the preceding paragraph. Let U € RN*N (resp. V € RN*N) be the matrix with k' column given
by uy (resp. vx), and let A, € RN*N (resp. A € RN*N) be the diagonal matrix with k™ diagonal
element given by A, i (resp. Ay). Equations5.2{and [5.3|then respectively become

M =UAVT and M, =UA,V". (5.4)
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Since the columns of the matrices U and V are linearly independent (by the choice of partition)
and the diagonal elements of A are non-zero @ the matrix M is invertible. For p € {1,--- ,N},
define M, := M,M ' and A, = A,A™!, we get

M, = UA,U . (5.5)

Therefore, for p = 1,---, N, the identified matrix Mp is similar to the diagonal matrix f\p,
and the eigenvalues of M, identify the diagonal elements of A,. Let Zp,k denote the k' diagonal
element of the matrix A,, and let D € RM*N denote the matrix with p" column given by the

diagonal elements of A,. A simple application of Bayes’ rule yields

N P(B®) ¢ 5§|B(iz) =q,B) =p, U =k)
P~ 7TP(B®) € 82|B®) = a, B = b)

Therefore, by our choice of the partition A%, the matrix D has full rank, and an application of
Theorem 6 in Lathauwer, Moor, and Vandewalle (2004) implies that there exists a unique (up to
permutation of the columns) probability matri@ that simultaneously diagonalizes the matrices
Mp, forp =1,---,N. In conclusion, the matrix U is identified up to a permutation of its columns.
Lete € RN be givenbye = (1,1, -, 1)T. Since V is a probability matrix (see IZE[), the diagonal
elements of A are identified by

U Me = AVTe = Ae.

Finally, identification of A yields identification of V through
vi=A~lu'm.

I have thus shown that all terms on the RHS of[5.2]are identified up to a permutation of the indices
k.

I now show that the cdfs Fpju—x for k € {1,---,N}, which represent the common (by
and marginal distributions of players’ bids given the UH, are identified. I begin by showing
that the conditional distributions FB<i1)|{B(i2):a,U:k} » Fpiis) |{B2)—a, Bia) —b, =K} and F ) (B —p, U=k} for
k € {1,---,N} are identified. For t € [a, +0], let x!(t) and y'(t) € RN be defined by [y'(t)]; :=
P(BW < t,B0) € §3B2) = q,B) = p) and [x!(t)]; :== P(B" < t|B®) = q,U = i) for
i€{1,---,N}. ByR.J]and the Markov property, we have

y'(t) = VAx!(t),

ZFor assumptionto hold, 2 and b must belong to the interior of the supports of the distributions Fy;_, (see .
26By a probability matrix I mean any matrix with non-negative entries such that the entries of each columns sum up

to 1.
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Where the identified matrices V and A are as in the preceding paragraph. The vector x!(t) is thus
identified through:
() = ATV YL(E).

Identification of the vectors x' (t) t € [b, a], yields the identification of the distributions { Fy (B2 —a U=k} N
. Similarly, for t € [a,b], let x2(t) and y?(t) € RN be defined by [y?(t)]; := P(B®) < t,Bl5) ¢
63|B(2) = g,B(4) = b) and [x*(t)]; := P(Bs) < t|B(2) = 4,B) =p,U = i) fori € {1,--- ,N}. A

similar argument to the one above yields
() = ATV,

and the distributions {FB(,-3)| (Bl a,B(i4):b,U:k}}lIc\[:1 are identified. Finally for t € [0,b], let x3(¢) and
¥3(t) € RN be defined by [y*(t)]; := P(B) < t,B(1) € §!|B(2) = a,B(4) = b) and [x3(t)]; :=
P(BUs) < t|Blis) = b, U = i) fori € {1,---,N}. An argument similar to the one above yields

B(t) = ATTUA (),

where the identified matrix U is as in the preceding paragraph. The latter equality yields the iden-
tification of the distributions {Fy ) (B4 b, U=k} N

I now show how to recover the distributions Fpjy—x for k € {1,---,N}, from the identified
distributions {Fyi) 1 pi)—g 17—} Hhe1 + {1F56)|{B62) g, Bl —p ti—k) T ot AN
{FB<f5>\{B<f4):b u:k}}llc\lzl' By Lemma the distribution of Fgi) (52 =g =iy 18 the same as the dis-
tribution of the i{* order statistic from an i.i.d sample of size i — 1 from [Fpu—r(-|U = k) —
Fpu—x(allU = k)]/[1 — Fy—(alU = k)], i.e, from the parent distribution Fg;—; with the left
tail truncated at a. Similarly, the distribution of F3<i3>| (B2)—q,B(i4) —p, Uk} is the same as the distri-
bution of the (i3 — iz)th order statistic from an i.i.d sample of size iy — i — 1 from the distribu-
tion [y iU = k) — Fyyu_i(al = K0}/ [Fyue(blU = k) — Fyu_i(alll = k). Finally, the
distribution of Fyis)) (B8 —b,u—k} is the same as that of the (is — is)"" order statistic from an i.i.d
sample of size I — iy (Where I denotes the number of bidders) from the distribution Fg|;;_(-|U =
k)/FB|uzk(b|u = k) Hence, the Cde PB‘u:k(~|U = k)/FB‘U:k(a“l = k), [PB|uzk(‘|u = k) —
Fpju=x(alU = k)}/[Fpu=x(b|U = k) — Fgju=x(a|lU = k)] and [Fpjy—x(-|U = k) — Fpu—x(b|U =
k)]/[1 — Fgju—x(b|U = k)] are (respectively) identified from Fyii) (B —a =k} Fplis) | {Bt2) =, Bis) =p tr—k}
and
FB(‘S)\{B("U:b,uzk}m It remains to show that Fpj;;—(b|U = k) and Fp;;—(a|U = k) are identified.
However, a simple argument shows that Fp;;—(b|U = k) and Fp|;;—¢(a|U = k) can be expressed

as functions of the density functions corresponding to the cumulative distribution functions iden-

27For instance, by Lemma [5.2|we have that Fis) | 1pa) —p,u—k} = Pis—is:l—is © (Fpju—«(-|U = k) / Fgjyy— (b|U = k)), and
note that ¢;,_;,.;_;, is invertible.
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tified above, evaluated at the points 2 and @ Therefore, the distributions { Fp)y— } N | are identi-
fied.
It now remains to identify the marginal distribution of the unobserved heterogeneity {P(U =

k)}¥ ;. By Bayes’ rule, we have

_ Mfpia pn (a,b)
fB<lz (ig) | U= k(”/b).

Here, fg,) BUs) | L—k denotes the joint density of the iéh and iih order statistics given U, which is

identified from Fpy—i; fpa) denotes their unconditional distribution, and is identified from

,Blia)
the joint distribution of the observed bids; and Ay is as in and is identified since A is identified.
This concludes the proof of Theorem [3.10]

O]

5.2.2 Proof of Theorem [3.9]

Proof. As in the proof of Theorem the following argument is done conditional on {I = Iy}
where I is a value in the support of I, and by the same argument used in the second paragraph
of that proof, the cardinality N of the support of the unobserved heterogeneity U is identified.
Let ®! = (¢1, -+, %), D> = (¢3,---,¢3) and ®* = (¢, - , %) be N—component vectors of
functions defined respectively on the support of B(")|B(2) = g, B%)|B(2) = g and Z. Let the
components {¢1, -, L} of ®! (a similar statement applies to the elements of ®* and @) be
indicator functions of N sets that form a partition of the support of B{")|B(2) = 4. Let the matrices
{A };‘]: , (all of dimension N x N), be defined by:

A® = E{®! (B")®*(BW)T|B®) = a} fy (a) (5.6)

and
A = E{¢;(2)@" (BW)®*(B")T[B) = a} fy) (a) (5.7)
forj=1,---,N. Assumption 3.2]implies that

N . . . .
A0 — Zf3<iz>|u:k(”)P(u = k)E{®!(B)|B"2) = gq,U =k} @ E{®*(B"))|B2) = q,U =k} (5.8)
=1

and

ZfBzz u=k(@)P(U = k) E{¢; (Z)|U = k}

E{®'(B))|B®) = 4,U = k} ® E{®*(B))|B2) = a,U = k}

(5.9)

Recall that by assumption, fy;;(-|U) is continuous.
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j=1,--+,N. The relations of equations[5.8land 5.9 can be written in matrix form as
A% = QI(QHT (5.10)

and
Al = QUID/(Q*)T (5.11)

forj =1,---,N, where Q (for p = 1 or 3) denotes the N x N matrix with k" column given by
E{®?(B(»))|B(2) = g,U = k}, IT denotes the diagonal matrix with k" diagonal element given by
fB<,-2>‘u:k(u)P(U =k),and D/ (j = 1,---,N) denote the N x N diagonal matrix with k' diagonal
element given by E{(])f(Z )|U = k}. Finally, let M denote the N x N matrix with j* row given by
the diagonal elements of the matrix D/. By assumption the components of ®!, ®3 and ®* can
be chosen such that the matrices Q', Q3, M and A° (see footnote have full rank.

I now show that the matrix M is identified (up to a permutation of its columns) from the ma-
trices A/. By assumption, the matrix A has full rank, and post-multiplying the other matrices A/
by the inverse of A? yields

A(A) ™= Q'DI(QY)! (5.12)
forj =1,---,N. Hence the matrices C/ = A/(A%)~! and D/ are similar, and the matrices {C/ }]N: 1
are simultaneously diagonalized by the matrix Q'. Moreover, since M has full rank, by Theo-
rem 6 in Lathauwer, Moor, and Vandewalle (2004), Q' is the unique (up to a permutation of its
columns) probability matrix that simultaneously diagonalizes the matrices {C/} ]I\L 1~ Since the ma-
trices {Cj}jl\i , are all identified from the data, it follows that the matrices {D/ };\]: 1, and hence the
matrix M, are identified.

I now show that the distribution of the unobserved heterogeneity is identified. Let § = (P(U =
1),---,P(U = k))T and let d = E®*(Z). Since d = M4, and M has full rank, the vector ¢ is
identified by

d=M14d. (5.13)

I finally show that the marginal (common) distributions of bids given the unobserved hetero-
geneity, Fg;— (k = 1,---,N), are identified. For s € R, let the vectors y? (s) and x(P) (s) (both in
RN ) for p € {1,2,3}, be defined by y”(s) = E1{Bl») < s}®*(Z), and let the k" element of x(¥)(s)
be defined Fy,) ;_(s). Assumptionimplies

yP (s) = MBx'P)(s),

Where A is the diagonal matrix with diagonal elements given by 8. Therefore, x(P) (s) is identified

by
xP)(s) = ATIM Ty (s). (5.14)
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The identification of the distributions Fg|;;_ then follows from the relations

FB(iP)\U:k(S) = (Pip:n © FB\LI:k(S) (5.15)
for p € {1,2,3}, and where ¢;., is as in equation O

5.2.3 Proof of Theorem

Proof. The proof is similar to that of Theorem 3.9)and Theorem The following argument is
done conditional on {I = Iy} where I is a value in the support of I. By considering the rank
of matrices formed by partitioning the domain of [B()|B(2) = 4] and Z, an argument similar
to that used in the proof of Theorem [3.9| shows that N is identified. As in the definition of
and 5.7 let @' = (¢}, -, p8), D* = (¢5,- - ,¢%) and D> = (¢35, ,¢3;) (With M > N) be N
and M-component vectors of functions defined respectively on the support of [B()|B(2) = g], Z
and [B(3)|B(2) = 4. Let the components {¢},---,¢L} of @' (a similar statement applies to the
elements of &) be indicator functions of N sets that form a partition of the support of B(")|B(2) =
a, and let the components of {¢3,- - ,¢3,} be indicator functions of M sets that form a partition
of the support of B(3)|B(2) = 4. By conditions 3.3/and [3.15, as in the proof of Theorem m the
partitions that form ®! and ®* can be chosen such that the N x N matrices Q' and Q are invertible,
where the matrix Q! (resp. Q) is such that its k'h column is given by E{®'(B(")|B(2) = 4, U = k}
(resp. E{®*(Z)|U = k}). And by condition3.16]the partitions that form ®° can be chosen such that
the M x N matrix Q* with k" column given by E{®3(B())|B(2) = q,U = k}, fork = 1,---,N,
has distinct columns. Let the matrices { A/ }]Z\i o be defined by

A® = E{@*(2)®" (BM)T|B™ = a} fy,) () (5.16)
and, forj=1,--- , M
A = E{®](B"™))¢* (2)@" (BMW)T|B) = a} fys) (a). (5.17)
Then as in and the matrices A/ have the representation
A = QrrI(Qh)” (5.18)

andforj=1,--- , M
Al = QrID/(QY)T, (5.19)

where the matrix IT is as defined in and the N X N matrix D; (j = 1---, M) is now the
diagonal matrix with diagonal elements given by the jth row of Q3. Asin we have

AI(AY) T = @*DI(Q7) ! (5.20)
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forj=1,---, M. Hence the matrices A/(A°)~! and D/ are similar, and the matrices { A/ (AO)_l}jZ\L 1
are simultaneously diagonalized by the matrix Q?. Moreover, since the columns of Q° are distinct,

by Theorem 6 in Lathauwer, Moor, and Vandewalle (2004), Q% is the unique (up to a permutation

—-1\N
=1

Therefore Q7 is identified. The rest of the identification argument proceeds as in the proof of
(the paragraph following5.12). O

of its columns) probability matrix that simultaneously diagonalizes the matrices {A/(A?)

5.2.4 Proofs on Genericity

I first establish the existence of an element G* € C described before the statement of Proposi-
tion First note that all elements of A are polynomials (see . It is then easy to check that
the element G* with i*" element equal to the polynomial t (t € [0,1]) has the desired property.
Indeed, given ¢ € A, rank(¢ o G*) = N, since all the elements of ¢ o G* are polynomials of distinct
degrees.

Before proceeding to the proof of proposition I first recall some results from Anderson
and Zame (2001) that will be useful for the proof. By Fact 3 in Anderson and Zame (2001) (p.12),
the countable union of sets that are shy in C is shy in C. Hence, since E;;, = Upc aE; ¢ (a count-
able union), with E, 4 defined by E, 4 := {F € C|min{rank(¢ o Fo ), rank(¢p o Fyy ,), rank(¢ o
F,1))} < N}, itsuffices to show that each E, ¢ is shy in C foreach ¢ € A. Let S; = [0,b], S» = [b, a]
and S3 = [a,1]. Since E; 4 = Eqpp1 U Eapg2U Eappa With Eqp i := {F € C|rank(¢ oFs;) < N},
it suffices to show that each E,; 4, (i=1,2,3) is shy in C. Note that when S; is a singleton, the set
Eyp,g,i is empty, thus shy in C. Hence it remains to prove the each E, ; 4; is shy in C when S; is a
non-degenerate interval.

Given a finite dimensional subspace V (say of dimension d) of X, let Ay denote a Lebesgue
measure on V, defined by Ay (A) = uy(T(A)), where T is an isomorphism between V and R? , 114
denotes the Lebesgue measure on R? and A is any Borel subset of V (see p.12 of Anderson and
Zame (2001)). I now provide the definition of a notion that is used in our proof below. The original

statement can be found in Anderson and Zame (2001) (p.12).

Definition 5.3. A Borel subset E of C is finitely shy in C, if there is a finite dimensional subspace
V C X such that Ay(C 4+ a) > 0 forsomea € X and Ay (E + x) = 0 for every x € X.

To establish that each set E, ; 4,; is shy in C, I use Fact 6 of Anderson and Zame (2001) which
states that: Every set which is finitely shy in C is shy in C. Therefore, to prove Proposition it

suffices to prove the following proposition.
Proposition 5.4. Suppose that S; is a non-degenerate interval. Then each set Eg ; ,; is finitely shy in C.

Proof. 1 first consider the simple case when ¢(t) = ¢1.1(t) =t (for t € [0, 1]), since the steps of the

argument are more transparent in that case. I provide the proof for a general ¢ € A further below.
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Simple case. Let f = (f1,---, fn) be an N—tuple of density functions supported on S; that are
linearly independent and bounded away from zero on Si@ Leth = (hy,hy,-- - ,hy) denotean N —
tuple of bounded functions that are linearly independent and supported on S;, with fol hi(t)dt =0
fori=1,--- ,NP|LetF= (F, - ,Fy) € Cand H = (Hy, -, Hy) € X be defined by

F(s) = /0 “F(Hdt and Hi(s) = /O Chi(b)dt, (5.21)

fori = 1,---,Nand s € [0,1]. Let the one-dimensional subspace V of X be defined by V =
{aH|a € R} with the “Lebesgue” measure on V, Ay, given by Ay (A) = py{a|aH € A}, where y;
denotes the Lebesgue measure on the real line and A denotes any Borel subset of V. I show below
that Ay(C — F) > 0 and that Ay (E, 4, —x) = 0forall x € X.

We have

Av(C—F) = py({a|aH € C — F})
= ({a|F+aH € C}) > 0.

(5.22)

The latter inequality holds because for all values of « bounded in absolute value by some a* > 0,
F+aH e CF]

I now show that Ay (E, g, —x) = 0 for all x € X'. Let us assume for now that the sets E, 4
are Borel measurable; I will show further below that they are indeed closed. I establish the claim
by showing that for each x € X, the set {a[aH € E,;4; — x} has finitely many elements. We
have {a|aH € E;pp; —x} = {&|G := x+aH € C and rank(Gs,) < N}. Suppose thati = 1
and S; = [0,b] with b > 0 (the other cases are similar). The set A, := {a|G := x+aH €
C and rank(Gs,) < N} can be decomposed as Ay = A, U Ay, where

Avi={a|G:=x+aHecC, Gg ¢C}

and
Ayp ={a|G:=x+aH € C, Gg, € Cand rank(Gs,) < N}.

Given the definition of the renormalization Gg, of G on S1, a belongs to the first set A, ; if and only
if one component of the corresponding Gg. is the zero function. This occurs when a component of
G :=x+aH € C doesnotvary on S1. Let x = (x1,- -+, xN), Inow show that foreachj=1,--- ,N

there is at most one value of a such that G = x + aH € C and the j" component of G does not

29 An example of such densities would be the restriction and re-normalization of the following N—tuple of functions
(t+1, 241, N4 1) (where t € [0,1]) on the set S;, the constant 1 being added to each component to guarantee
that the re-normalized densities are bounded away from zero on S;. Recall that a non-trivial linear combination of

polynomial of distinct degrees cannot vanish on an interval.

30Let h be, for instance, equal to the (component-wise) difference of the re-normalizations (to densities) of
(2,63, - ,tNt1yand (¢, £2,--- ,tN) on the set S;.

31 Recall that (by construction) the elements of 1 are bounded and supported on S;, and the elements of f are bounded

away from zero on S;. Hence for all « sufficiently small, the elements of f 4 ah are densities.
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vary on S1. Suppose, for a contradiction, that there are two such distinct values & and a5, and that
xi(t) +a1Hj(t) = c1 and x;(t) + axHj(t) = cz forall t € Sy and for some constants ¢; and c,. Taking
the difference of the two quantities and using the fact that a; — ay # 0 yields that the component H;
is constant on the interval S;. This contradicts the fact that by construction H; is differentiable with
a non-zero derivative on S;. This shows that the set A, ; is finite (at most N elements) and has y4
measure zero. It now remains to show that Ay, is finite. This will be achieved by a discretization of
the elements of C. Since the components of H are linearly independent on S; (by construction, the
derivatives of the components are linearly independent on S;), there exists a sequence of N distinct
points 0 < #; < -+ < ty < b such that the vectors {H(t;)}N | (with H(t;) := (Hi(t;),- -, Hn(t)))
span RN Set A = {#1,--- ,tn}. Given O = (Oy,---,0n) € X (not necessarily a vector of
CDFs), let M(O, A) denote the N + 1 x N matrix with (i, /)" element given by

[M(O,A)];; = Oj(ti-1) — Oj(t;), (5.23)

where we define t) = 0 and f51 = b. Note that the matrix M(H, A) has full column rank, since the
span of its rows is equal to the span of the vectors {H(#;)} |, and that the column rank of M(O, A)
is less than N whenever the components of O, restricted to the set [0, b], are linearly dependent. If
a € Ayp, it must be the case that the components of the function G = x 4 «H are linearly dependent
on S;. Indeed, because Gg, belongs to C, it necessarily holds that each component G; of G satisfies
Gj(b) # 0, and because rank(Gs,) < N, it must be the case that the components of G are linearly
dependent on S1E| Therefore, we have

Ayp C Ayz = {a|G := x + aH satisfies rank(M(G,A)) < N}. (5.24)

It thus remains to show that A, 3 is finite. Below, for notational simplicity, I omit the A in the
notation for M(-, A) and simply write M(-). Let P(a) denote the polynomial function of « defined
by P(x) = det(M(G(a))TM(G(«))), where G(&) := x + aH. I prove the claim by showing that all
elements of A, 3 must be roots of the polynomial P and I show that the polynomial P is non zero.

Indeed, since M(-) is linear in its argument, we have
P(a) = det (M(x)TM(x) + a{M(x)TM(H) + M(H)TM(x)} + aZM(H)TM(H)) .

Hence P has degree at most 2N, and P(a) = a?NQ(1/a) (for a # 0) where Q is the polynomial
given by

Q(a) = det (zsz(x)TM(x) +a{M(x)TM(H) + M(H)TM(x)} + M(H)TM(H)) :

Since Q(0) = det(M(H)"M(H)) # 0 (by construction), we conclude that P is non-zero with at

most 2N roots. Therefore Ay is a finite set.

32By construction H(0) = H(b) = 0, hence the points t; must all belong to (0, b)
33 Note that the restriction of the j components of the latter to the set Sy is obtained by multiplying the j component
of Gs, by the value G;(b).
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I now show, as claimed above, that the set E, ;4 is closed, by showing that its complement
is relatively open in C (recall that C is closed in X). Given an element F € C in its comple-
ment, it must be the case that the components of F are linearly independent on S;, and by using
an argument similar to the one above, a set of points A in S; can be found such that the corre-
sponding matrix M(F,A) (defined as above) has full column rank N. Using the continuity of
the function det(M(F, A)TM(F, A)) with respect to F € C (as a function on X), and the fact that
det(M(O,A)TM(O,A)) > 0 only if the components of O are linearly independent, we conclude
that a neighborhood of F in C belongs to the complement of E, j, 4 ;, and the complement of the set

Eyp,¢,i is relatively open in C.

General case. Let the function ¢ now be a general element of A. Since the elements of A are

polynomials, ¢ has the representation

d
p(t) = Y at”, (5.25)
k=1

for all t € [0,1]% for some finite d (the degree of ¢) such that a; # 0. LetF = (F;,--- ,Fy) € C
and H = (Hy,--- ,Hy) € X be defined as in with the particular choice of the functions f
and h given by IZE] and Also, let the subspace V' C & and the measure Ay be the same as
above. The same argument used in yields Ay (C —F) > 0. Thus it only remains to prove that
Av(Egp,gi —x) = 0forall x € X. Fix x € X. We have

Av(Egpgi —x) = p1({¢|G := x +aH € C and rank(¢ o Gs;) < N}).

I show below that the set By := {#|G := x+aH € C and rank(¢ o Gs;) < N} has finitely many
elements, hence 1 measure zero. As above, suppose (without loss of generality) that i = 1 and

S1 = [0, b] with b > 0 (the other cases are similar). Decompose By as By = By 1 U By, where
Byg ={a|G:=x+aHe(C, Gs ¢C}

and
Byp ={a|G:=x+aH e, Gg €Cand rank(¢oGs,) < N}.

That the set B, is finite, follows from the same argument used to show that A, ; is finite. Suppose
By > is non-empty. Then for &« € By, and G := x + aH, it necessarily holds that all components of G
do not vanish at the point b, and that G;(b) = x;(b) + aH;(b) = x;(b) > qﬂforj =1,---,N. Also,
since each component of G and H vanishes at 0, it follows that each component of x also vanishes

at 0. Hence for By, to be non-empty, it is necessary for all components of x to be strictly positive

34Note that the polynomial ¢ has no constant term since ¢(0) = 0 (¢ is a distribution).
%Recall that by construction, all components of H vanish at b (see[5.21).
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at b and to all vanish at 0. Let us assume that this is the case. Then for « € B> and G := x + aH
Gg, can be written as

Gg, =x' +aH’

1

where the elements x’ and H’ are defined in accordance with the definition of Gg,. That is, the
j* component of x’ is given by x}(t) = x;(t)/Gj(b) = xj(t)/xj(b) for t € [0,b] and x}(t) =
xj(b)/xj(b) = 1forall t € [b,1]. Similarly, the j" component of H’ is given by Hi(t) = H;(t)/x;(b)
for t € [0,b] and Hj(t) = H;(b)/x;(b) =0 (see for all t € [b,1]. Note that both x" and H’ do
not depend on «, and that by construction (see 30| and [5.21), the components of H’ (restricted to
[0, b]) are equal to polynomials of different degree. Hence given any integer k > 1, the components
of (H")F are linearly independent as their restriction on [0, b] is also given by polynomials of
different degrees. In particular, when the exponent is equal to the degree d of ¢, (see[5.25) the com-
ponents of (H’)? are linearly independent. A similar argument to the one preceding implies
that there exists aset A = {t1,- -+, tx} of points in [0, b] (not necessarily the same points as before)
such that the matrix M((H’)%, A) has full column rank, with the transformation M(-, A) defined as
in and an argument similar to the one used to establish [5.24 implies that

Bya C Bys := {a|G := x’ + aH’ satisfies rank(M(¢ o G,A)) < N}.

Using the linearity of the transformation M(+, A) and the representation 5.25of ¢, it is easy to show
that
M(¢oG,A)) =az’M((H')",A) + R(w),

where R(«) is a polynomial (with N + 1 x N matrix coefficients) of degree at most d — 1 in «; that
is:
d-1
R(x) = Y afM;
k=0
where My, for k = 0,---,d —1, are N + 1 x N matrices. Below, for notational simplicity, I write
M(+) for M(-,A). Let the polynomial P be defined by

P(e) = det ({aga’ M((H')?) + R(a)} {asa'M((H')") + R(2)} )
= det (3aM((H))TM((H)") + R(«))
for a polynomial R with N x N matrix coefficients of degree at most 2d — 1 in a. The polynomial P

has degree at most 2dN, and since det (M((H")?)TM((H’)?)) # 0, an argument similar to the one

used in the simple case implies that P has at most 2dN roots. Hence the set B, 3 is finite, and this

concludes the argument. O
Proof of Corollary is an easy consequence of and O

36Given F = (F, -+ ,FN) € X and an integer k > 1, the kth power of F is given by Fk = (F{‘, e ,F’i,).
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5.2.5 Proof of Theorem [3.29]

Proof. By considering the rank of matrices formed by partitioning the domain of [B(")|B(2) = g
and Z an argument similar to that used in the proof of Theorem shows that N (the number
of support points of the unobserved heterogeneity) is identified. As in the proof of let ! =
(P1, -+, pN), P = (¢5,-- ,¢%) and @ = (¢3,---,¢3,) (with M > N) be functions defined
respectively on the support of [B(")|B(2) = 4], Z and [B(®)|B(2) = g], and let Q', Q% and Q°
denote the associated matrices (where we now exclude I from the conditioning variables). As
in the proof of by Assumption the functions ®!, ®* and ®* can be chosen such that
the matrices Q' and Q? are invertible and the matrix Q3 has distinct columns. Let the matrices
{A }]Ai o be defined as in equations and (without conditioning on I). Using the law of
iterated expectation (conditioning on U and I), equations and and the Markov property
of order statistics, equations and can be shown to hold. A similar argument to the one
preceding equation then shows that Q* is identified. An argument similar to the one used
in the paragraph following in the proof of Theorem 3.9 shows that the distribution of U is
identified. By considering the identified expectations El{B(il) < s1,B) < g, BB3) < s3}P*(2)
for different values of s, s, and s3 in R, an argument similar to shows that the distributions
{FBUl),B("z),BUs) ‘uzn}n]\f:1 are identified. The observation of Song (2004) (see can now be used to
identify the distribution Fg|;;—, by considering the distribution of B (0)|B(2) = g,U = ] for values
of a near the lower bound of the support of B("2). O
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